ON THE DEGREE OF CONVERGENCE OF LAPLACE'S SERIES*

BY

T. H. GRONWALL

§ 1. Introduction.

Let S denote a sphere of unit radius, and refer its points to a geographical
system of codrdinates, 8 being the polar distance and ¢ the longitude; the
north pole and the zero meridian may be fixed arbitrarily. Further let
f(8, ¢) be a uniform function of the position on the sphere, and suppose
this function to be absolutely integrable in the Riemann sense, so that

[170,0)d0

exists, where do = sin 8df d¢ is the surface element of S. We finally denote
by 6’, ¢’ any point on S, the corresponding surface element being do’, and
by v the angle between the two vectors from the center of the sphere to the
points 8, ¢ and @', ¢ respectively (or, in other words, the distance between
the two points in question, measured on the great circle joining them). This
angle v is completely determined by the condition 0 Z v 2 7, and we have

cos ¥ =cosfcosd + sinfsinf cos (¢ — ¢).
Then the Laplace series corresponding to f (0, ¢) is

2 2n

W 10,0« 2 10, 01 Putcosyy i

P, being the nth Legendre polynomial; the equivalence sign « sign fies that
the series is considered in a purely formal way, and implies no statement in
regard to its convergence.

An important particular case is obtained by supposing f (6, ¢) independent
of ¢; writing cos @ = x and f (8, ¢) = f (cos @) = f (x), the Laplace series
(1) becomes the Legendre series corresponding to f (x):

L) +1
@ @ eXabu@),  w="30 {4 P .

* Presented to the Society February 22, 1913.
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The present paper is concerned with the degree of approximation obtained
by replacing f (6, ¢) by the sum of the first n 4+ 1 terms in its Laplace series,
or in other words, with the investigation of the function

2v+1

@ ralf 6, 0)) =10, 0) = Z2E2 [£0, ) Pi(eos y) o
under the assumption that for any two points 6, ¢ and #’, ¢’ the function
f (6, ¢) satisfies a generalized Lipschitz condition of the form

@ |£(0,¢)—f(0,0)| 2 w(v),

where, for v increasing, w (v ) never decreases, and w () / ¥ never increases,
while lim,_ow (v) = 0. On account of the last condition, f (8, ¢) is ob-
viously continuous all over the sphere S.

In a recent paper, Jackson* has treated the corresponding problem for the
Legendre series (2), assuming that f (z) satisfies the condition

G) If (@) —fa)|2w(|lma—mz]), —12:31, —-12x21,

the function w being subject to the same restrictions as above. He confines
his investigation, however, to the points of the interval

(6) —14+eZ 22 1—c¢,

where ¢ is any positive quantity. The methods of the present paper apply,
on convenient specialization, to Legendre’s series for x = = 1; whenever the
occasion arises, we shall compare our results with those of Jackson and thus
bring out the fundamental difference between the behavior of the Legendre
series in the interior points of the interval (— 1, 1) and in the end points.

Section 2 of the present paper gives a lemma of fundamental importance:
supposing f (6, ¢) in (1) limited by the condition that |f (6, ¢)| Z 1 at
every point of S, then there exists a function f (8, ¢) of this kind which
makes the absolute value of the sum of the first n 4 1 terms in Laplace’s
series & maximum p, at a given point 6, ¢, and it is shown that these con-
stants p,, which we shall call the Lebesgue constants for Laplace’s series,t
tend towards infinity with n as V'n,} or more accurately, that §

* Dunham Jackson, I. On the Degree of Convergence of the Development of a Continuous
Function According to Legendre’s Polynomials, these Transactions, vol. 13 (1912), pp.
305-318.

t Lebesgue first showed the fundamental importance of the corresponding constants for
Fourier's series; see Legons sur les séries trigonométriques, Paris, 1906, § 45.

$ Jackson shows (1. c., pp. 306—-309) that the corresponding maximum for Legendre’s series
in the interval (6) is inferior to a constant multiple of log n . .

§ The first proof of this relation may be found in § 2 of my paper Uber die Laplace’sche
Rethe (Mathematische Annalen, vol. 74 (1913), pp. 213-270); the present proof con-
tains several simplifications and also some new developments which will be used in §4.
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— l/n =2 J

In § 3 it will be shown that f (6, ¢) may be approximated by a sum T, (9, ¢)
of spherical harmonics of degree not exceeding n in such a way that

70, 0) = T8, 0)| T Ko(3)  -1,2,3, )

at every point of the sphere S, K being a constant independent of n. The
method of proof is closely related to that of Jackson* for the corresponding
problem regarding f ().

In § 4, the preceding results are used to show that for all points of S

Irn{f(a,w)}liK’w(;l-l)l/ﬁ (n=1,2,38, ---),

K’ being a constant independent of n, and that, conversely, if @ (v) is a
function subject to the same restrictions as w () and furthermore

. Q(v)
l:f:w('r)

then there exists a function f (8, ¢) satisfying (4) and such that at a given
point 6y, o the inequality

|a {f(60r 00) }| S K"Q(%) Vn

is satisfied for an infinite number of values of n, the constant K’ being in-
dependent of n.t

=0,

§ 2. The Lebesgue constants for Laplace’s series.
The sum of the first n 4 1 terms in (1) is equal to

(100,031 = g2 [ 10, ) 0u(cos v) dot

where

@ 4 (2) =§(2u+ 1)P,(z).

Limiting f (8, ¢) to the class of absolutely integrable functions which are not

* Dunham Jackson, II. Uber die Genauigkeit der Anndherung eletiger Funktionen durch
ganze rationale Funktionen gegebenen Grades und trigonometrische Summen gegebener Ordnung.
Inasugural-Dissertation, Gdttingen, 1911. III. On Approzimation by Trigonometric Sums and
Polynomials, these Transactions, vol. 13 (1912), pp. 491-515.

1 For f (z ) and z limited by (6), ¥» may be replaced by logn and 2 (1/n) by w (1/n)
in the two statements regarding r. . (Jackson, I, theorems 1 and 3.)
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greater than unity in absolute value at every point of S, we see at once that

—~ 1
Iau{f(0,¢)}|Zz;fla,.(cos'y)ldd’,
8
and the absolute maximum

pu (0, ¢) = max. |oa (10, @)1 | = gz [ 1on (cos y) | o

is reached at the point 8, ¢ by defining f so that
F(0', ¢') = sgn. s, (cosy),

where, in the notation of Kronecker,

+1, a>0

sgn. a = 0, a=0

-1, a<0.
Moving the north pole of our cosrdinate system to the point 6, ¢, we obtain
¥=6"and
pn (0, @) = Zl- fls,. (cosv)|de’ = Zl—f'f“ | 8n (cos 6') | sin6’ db’ do’

TJs TJo Jo

=%f | 8 (cos 8') | sin 6’ d6’,
0
so that p, (8, ¢) = pa is independent of 6, ¢; writing cos 8’ = z, we find
+1
(8) p,.=%f |8,.(:t)]da:, (n=0,1,2, --:).
-1

In order to investigate the order of magnitude of p, with respect to =,
we begin by developing an asymptotic expression for s, (cos @), which will
furnish approximations to the roots of the equation s, (cos ) = 0.

From the well-known equation of definition of Legendre’s polynomials

1 ]
9) W—él’n(z)z, |z <1,

where the square root equals unity for z = 0, the equally well-known formula

1—22 2
=i S vR @

is easily obtained, and on multiplying both sides by

1 00
1-z=,§oz
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and using (7), it is seen at once that

1 @®
(10) (1_2;_:z,)3,2=§03,.(x)z", 2] < 1.

If we write 1/ z instead of z and introduce = = cos 6, this becomes

2 1
(11) (3 — 6")5’:?; —)8 .)3/2 23”(0030)2—" IZI > 1,

the radicals being determined so that their real parts tend toward + o« when
2z tends toward infinity by real and positive values. Then the application of
Cauchy’s theorem gives

n+1 1
@11 3n (cos §) = om f (z _z eo')(: -:_)e-«)adz’

the contour of integration C enclosing both of the singular points z = "
and 2 = ¢ . Now let ¢ be a positive quantity which will later be made to
tend toward zero, and let C consist of the circuit C; around z = ¢*, composed
of the three parts: (1) the straight line from z = 0 to z = (1 — €)e%, (2)
the circle z=¢*+ e*, 0 — 7 < 9 <0+ 7, (3) the straight line from
g = (1 — €)e*toz =0, followed by the circuit C; around z = ¢~*, composed
of the three parts (4) the straight line from z = 0 to 2 = (1 — €)e™*, (5) the
circle z = ¢* + e, —0— 71 < ¢ < 7w—0, (6) the straight lme from
z2=(1l—e)e*¥toz=0.

To make the passage to the limit ¢ = 0 possible, (11) must be transformed
so that the integrand in (11) becomes infinite of an order less than one at the
singular points, and to this purpose we use the identity

z+1 1 [ 1

(G—e"M(z—e")N  ~z—1 (z— )(z— ")

d 1
+ 2z¢—i§ (z—e*)(z—e ‘“)*]
which gives, upon integration by parts,

2 (24 1) ZnH
f(z = (e i f(z -1) (z'— iz — %
zn+2 1
f(z -1) dz (2 — %) (z — e"‘)‘dz
2zn+2 1

Tz—=1 (z—e")i(z— %)l

(2n + 3)z~H
+f(z 1) (2= M= RS

. zn+2
- f(z — 12 (33— ") (z — e““)*dz
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Integrate over the circuit C;; the expression outside of the integral signs
vanishes at the beginning and the end of C; (z = 0); making ¢ = 0, the
integrals over (2) vanish, and those over (3) become equal to the correspond-
ing ones over (1), owing to the fact that (z — ¢%)¥ changes its sign when 3
describes the circle (2). We therefore obtain

1 M a+l) 1 % (2n + 3)z™H
21t Jg (2 — €")1(z — %)} w (z—1)(z— ") (z—¢

1 2znt2
- Rf (z— 1) (z— &)}z — e-'*)*d“’

the path of integration being the straight line from z= 0 to z = ¢*, and the
initial values of the radicals for z = 0 having their real parts positive (being
positive for z = -+ oo and never passing through zero as 3 moves along the
real axis). We now introduce a new variable of integration, making

2=e%(1—u), 0Zusl;

i)idz

then, on account of the manner of fixing the values of the radicals for z = 0,

0—w

. — 4
(z—e¥)i=¢?

. ul, u‘ ;O,

=, ("%)i !
(3= €e* )= V25sinf - ¢* (l—w. ).
2sin @

where

(-3)+\
<1'%§F =41 for u=0.

Introducing all this in the integrals above, and writing

0—w w\ .
e? 0(0-7)‘
(12) a=""p 6=2sin0’
2 smé
we obtain
L ca CEIS VNS % S ki ('S (S0 i
—et Y (g—p 01 - : — —_ t
27t Jo (2—e% ) (z—e™) T v2sing(2sin0)* b (1— ou)(1—PBu)
2 e HPoi—ixs f u“(l — u)t2
x (1—ou)(1— ﬁu)‘

r (2sm )(2 sin 0)

In exactly the same way it is seen that the corresponding integral over the



1914) ON THE DEGREE OF CONVERGENCE OF LAPLACE’'S SERIES 7

circuit C; has a value which is conjugate to the one just obtained for C,,
so that, by (11),

" (3 14 —
tn (c0s 0) = 22+ 3) p eI f(l w1 u)m

du
1 .0 . au) (1 — Bu)t
z i
13) 2 sm2(2 sin )

é R et oi—iné f u (1 — )t
T (1-—

du,
(23111 )(2smo>* ou)? (1 = fu)l

where R denotes the real part of the expression following it.
This formula will now easily give the desired asymptotic expression for

sa(cos 6). On account of (12), we have for 0 2 u 2 1

6 1
|1—au|’—(1— )+—-cot22(1 2) ;Z
1-pup=(1-3) +Feoroz (1-3) 25,
so that .
= 1 =o.
(14) I-m<2, |—17“|22’
furthermore the identity

1 _ a 1 B
(l—au)(l—ﬁu)*‘l’f.,((1—au)'(1—ﬁu)*+2 (l—au)(l—ﬂu)’)d"
shows, by the aid of (14), that

| 1 - f ' ' (2, 2 8Bu
T=ana=fay— Y <)y (Pl +261du= (2sing+2sin0)u<sin0‘
2
From the first integral in (13) we now obtain
2 (2n+ 3) c(n+l)'Hﬂ' f wt (1 — u)H P
x (1= ou) (1—Bu)' ™

2sm (2 sin 6)}
h (n+1)0s—3ws 1

_2(2”;;" 3)R 30 f‘u_*(l-u)”-ﬂd“
2sing (2 sin )"

1
<2(2n1r+3). ; 1 .Siﬁaf u‘(l_u)n-l-ldu’
2sin§(28in0)‘ ’

or evaluating the Euler integrals of the first kind occurring in this formula and
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reducing the result by means of ' (x4 1) = 2T (z),
2(2n+ 3) e"““’"‘*" f wi(1l—y)Ht
l
¥ 2sm (2sm0)‘ (1 = ou) (1=pu)

él‘(%)l‘(n+2).sin((n+1)0-—£)
N I‘(n-l-g) 2sin%(2sin0)*
3
1( §)I‘(§)I‘(n+2_). 16
<F\"T3 P
I‘(n+§) 2sm§(2sm0)i
1
¥ I‘(n+g) 2sin%(23in0)’
The second integral in (13) may be estimated directly by (14), which gives
4 g HDO— wi ~ (1 — u)™
-R
x (2sm ) 0)*f (1= au)* (1= Bu)
<t 2t . 2
r (2smo) (2sin6)?
1
. L O R
r (2smo) (2sm0) (n+g)l‘(n+g)
s 2. .I‘(z—)l‘(n+2)
™ 2sing (2 sin0)! ‘r(n+g)
Introducing these approximations in (13), we obtain the asymptotic expression
( )I‘(n+2) sm((n+1)o——)

8y (COS0) = —
r I‘~(n+§) 2sm§(2 sin §)}

2
(15)
1
gr‘(i)””“’, 247 (n,0)
x

I‘(n-{-g) 2‘sin—g—(2 sinO)"

i du

1
f wd (i — u)2du

<

+
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where
|n(n,0)]<1 for 0L0L7xr and n=1,2,3,.-.

To obtain some information regarding the zeros of s, (cos 6), we write (15)
in the form

I‘(n+g)

ae 8 I‘(-;—)l‘(n+ 2)

-2 sm-§ (2sin@)! - 3, (cos 8)

= sinfsin ((n+ 1)6— —)+ 24;:»(:- ;) .

Subjecting the integers n and » to the inequalities
a7 n 245,

(n+ 1)<y Sn—(n4 1),
we introduce the special value of 6
+1x

(18) 8= n+1 4+(n+1)p k==1,
in the expression (16). From (18) it follows that
(n+ 1)00 ”T+(n+ 1)})

and
sin((n+ 1) 6o — %) = (- 1)~xsin(—;_"[—l),.
Furthermore, we have, by (17) and (18),

0< — <00<v::-_11r<1r,

+l
and, on account of sin 2> 2z/x for 0 < z < 7, we find, in case 0 < 6, < /2,

e 2 2.5 2
i ey [y e 51

sm00>sm

and in case r/2< 6, < 7,

v+1 n-—v 2 n—v
1 in ——— — >
sm00>smn| 1T=sn TN T> T T2 I o
and finally

o 4 . x 2 LJ = 2
'sm((n-l— 1)00—1)‘= I T (1P (nd DV
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From these inequalities it follows that

2 2
smoosm((n+l)00 )l (n+1)’ (n+ 1)
4 12 24 |249(n,60)
_(n+1)‘>n+1>2n+3> 2n+3 |

and consequently, for = 6,, the expression (16) has the same sign as the first
term on its right side, so that

sgn. 8, () = (— 1) -«

whence we conclude that s, (6) changes sign an odd number of times in the
interval
19) 4v+l1r T wv+1ax

ntl & FD<uFT 4+(n+1)!’

whenever n and v satisfy the inequalities (17). In case the interval (19)
should contain several zeros of odd order ot s, (6), let 8, be the smallest
among them; we then obviously have

4v-|-1 1r+
n+1 4 (n+1)"

Returning to the expression (8), let #;, 2, -, &m, Where 1 > 21 > 22
> .-+ > z,, > — 1, be the points at which s, (z) changes sign in the interval
— 12 22 1. Such points exist, on account of (20), and on the other hand,
8 (z) being, by definition, a polynomial of degree n, we have m Z n.* For
reasons of symmetry, we also write o = 1 and 2pyy = — 1; 88 P, (1) =1,
8, (1) is positive, and consequently

|sa(z)|=(—1)*8a(z), @&ZlzZz1, A=0,1,---,m,
so that

1 1 1 1
Pn=§£l|3n(x)ldz=(§ !n+§j:+ '2'

L.
¢

(20) 0, = |k |<1.

)Ia..(z)ld:c

- 1)*f‘ sa(2)dz.

*A+1
* We do not need to use the fact that m = n , which is easily proved by Christoffel’s formula
Pa(z) = Payi(z)
1—-2z

and the fact that the zeros of P, (z) lie between — 1 and + 1 and separate those of Pp.1(2).
Substituting for z two consecutive roots of Pa,: (z) = 0, we obtain values of 3. (z) of
opposite signs, and consequently the zeros of s. ( z ) separate those of Payi (z2),0rm =n.

8a(z) =(n+1)
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Using the formula
dP, (z) , dPpy1 ()

(21) 8n (z) = dz + dx ’
we obtain
1 »
P=3 é(— I Pa(22) + Pay1 (22) — P (@a41) — Papr (2a1) ],

or rearranging the terms,

o= 5[Pa (@) + Pasa (@) + X (= 1) [Pa (@) + Pasa ()]

(= 1)=H
+ B) [Pa(Zmi1) + Pry1(Zmia) ],

or finally, observing that P, (o) = 1, P, (Zmy1) = (— 1)*,

@2 b= 14 2 (= DA[Pa (2) + Pa (20)].

Let » be the smallest, and », the greatest, of the integers » satisfying (17);
then to each », where »; 2 v Z »;, there corresponds, according to (20),
an index A\, (1 £\, £ m) such that

cosf, = z,,, nnsivvw.

We obviously have \,,; > \,, and by the definition of 6,, there is an even
number of roots of s, (cos#) = 0 (or none) between 6, and 6,4,, so that
Na— A =1 (mod. 2),

or
Mii— (p+1) =X\ —» (mod. 2).

‘We may therefore write (22) in the form

o= (= 19" 35 (= 1)(Pa (c080,) + Pras (c036,)] + 1
+ 3 (= D (Pa(22) + Paya (22) ],

the second sum extending over such values of \ as are not of the form A,,
(»n £v<m). As m £ n, the number of terms in 2’ does not exceed
n— (v — »1+ 1), which is less than or equal to 2 (n + 1), by (17). Each
term in 2’ not exceeding | P, (%2) | + | Pats (22) | < 14 1 = 2 in absolute
value, we have *

;1+§:'(— 1)*[P..(xk)+P»+1(zA)1|< 142(n+ 1)t 2=0(nd),

* The notation f (n ) = O (g (n ) ) signifies that for n sufficiently large, | f (n) | < Ag (n),
where A I8 a constant independent of n. Similarly, f(n) =o(g(n)) stands for

o f(n) _
dm ey =0
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and consequently

(23) pa= (- 1)“"‘% (= 1)"[Pa(cos6,) + Pat1(cos8,)]+ O (nt).

v=w

Our next step will obviously be the asymptotic determination of the general
term in the series above, and to this purpose we use the following formula,
due to Stieltjes* and constituting a generalization of the well-known asymptotic
formula of Laplace:

2I‘(%)I‘(n+l) cos(2n;|—10__;_r)
P,(cos 0)= — .
T ( 3) (2sin )}
T n+§
2n+3 3r
12 cos( 3 —I‘)
(24) 2(2n+3)° (2sin6)? +o
(2n+2p-l o— 2p—1 )
+ 12-32.5% - - (2p—3)* cos 2 4 "
4. .- (2p— - -1
2.4---2p—2)(2n+3)- - - @nt+2p—1) (2 5in 073
+ 12.32.5% - . (2p—1)? M(p,n,0)
p+l |
2-4...2p(2n+3) (2n+5)- - - (2n+2p+1) (2Si110)2p;
where

| M (p,n,0)|<2 for 0L0Z .
For our purpose, it is sufficiently accurate to make p = 1in (24), and we obtain

9 I‘(%)I‘(n+ 1) {2cos%cos((n+1)g_’."1')

Py (c0s6)+Pay1 (cosf)= = o n+g) (Zsmo)y
1 . 2n+3. =
+(2n+3)(2sin0)‘[-2smocos( 2 "’Z)
25 +M(lén,0)+§:-_:_-§M(l,n2+l,0)]

1
- %I:(i)r (n+ D {cos((n+1)0— ;—')\l;t—g
M (n,0) }

3
r(n+3)
3
T @n+3) (2sin 0)

*T. J. Stieltjes, Sur les polyndmes de Legendre, Annales de 1a Faculté des
Sciences de Toulouse, ser. I, vol. 4 (1890), pp. G1 — G17. 'The method used
above for arriving at the asymptotic expression for s, (cos 6 ) was suggested by Stieltjes’
proof of (24).
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where
| M’ (n,0)| <4 for 0L6< .

By (20) and the various inequalities following (18), we have

cos((n+1)0 —) (- l)’cosz%%?

- 1).[1+0((7"_3?%)]=(-1)'[1+0(n1,)],

0, 1 1
cot-2- < } Qz<
sin 2

S(n+ 1)

T

2(n+1)

2
™

consequently

and furthermore

M (n,0,) _ (; s=ofLl).
2n+3) (2smoy = \zy3 (vt 1) )"0(175)’
finally Stirling’s formula,

logT (z4+1)=(z+3)logz—z+11lo 2""+i (—1)~'B, 1
g 3) log 3 log Y=
(= 1)? By D

(2p+ 1) (2p + 2) 271’ 0<o<1,

+

gives, for p = 1, and since By =}, B = 44,7 (}) = V=,

eo R TRl -aro ()

Introducing all this in (25), we obtain

(= 1)"[Pa(cos8,) + Pnyy1(cosb,)] =
whence, by (23),

Ay~ . 2 - 1
(= 1) pn—l/—;“:" cot = +20(;§)+0(n‘).

v=v,

2 [ 8 1
Van cot§+0(,7),

In the second sum, each term is less than a constant multiple of n~#, and
the number of terms is less than n, so that

Zo(w)=o(rz)=0wm,
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and consequently

2 V2 )
—IA_” n=— —,— pilg
(= 1) VMRE" cot 5+ 0 (nt),

which may be written

1 yAem Pr _ 2 ntle (4v+3_1£_4v—11') 6, (_1_
(== e L k12 w1 2) Vot 0 5)
By (17) and (20), we have

w+3 7 v—1n
nr1 4 %> 1w

and the preceding equation gives, when we increase n indefinitely,*

ll_fg(—l)"""‘ v W‘/ﬂ_.[ \’cotg

From tke equation of definition (8), it follows that p, is positive, and con-
sequently

(— 1) =1
for all sufficiently large values of n, so that

n

lim—=——= cot do.
n=0 VN ‘II'VT

Making the substitution cot 8/2 = u?, we obtain

=~ |6 * 4u? du +2 2u? du
fo \/°°t§d9=£ 1+u4=_[, 1+t

and by a classical application of Cauchy’s theorem, the latter integral equals
2t times the sum of the residues of the integrand in the upper half plane, or

Y 2 s 1 1 _
V?

so that ﬁnally,
2
27 lim 2% =2 J
@7 .l_n: Vn

§3. Approximation to functions satisfying a generalized Lipschitz condition
by finite sums of spherical harmonics.

TraEOREM I. Letf(0, ¢) be a uniform function of the position on the sphere S ,
satisfying the generalized Lipschitz condition for any two points 0, ¢ and 6’ , ¢':

(28) 1f(0,¢")—f8,0)| 2w (),

* The integrand decreasing monotonously as 0 increases, this passage to the limit is seen
at once to be legitimate, although the integral obtained is an improper one.
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the function w () being subject to the conditions*

my C SO 2 5 ol) g o<y gv<n

lim w (v) = 0.
y=0

Then there exists, for every positive integer n, a sum T, (0, ¢), of a finite
number of spherical harmonics of order Z m, approximating f (0, ¢) in such
a way that

|£(0,¢) = Ta(8, ¢)| 2 K (1/n)

at every point of the sphere S, K being a constant independent of n .
In order to prove this theorem, we shall use a special type of functions
Ta (6, ¢), defined by t

4

sin?ﬂ

[1@. ao
g sin§
(30) T, (0, ¢) = my |8 ’
sm—2—
) a
g sfn%

where the integer m is related to n by
(31) 2(m—1)2 n< 2m.

The function T, (0, ¢) is actually a sum of a finite number of spherical har-
monics of order < n; to prove this assertion, we start from the relation

13 t Mm—
(32) 2 _e e ~ _geny 12 ced Y
: 12! __‘_yz_‘ 1—e" v=0 ’
sin - e —e
2

whence

. my |*

sin 2 m—1m—1 m—1 m—1 +2(m—1)
= —2(m—1)yi E E Z E eitrstryi — z: 6;\8'\",
sin — n=0 »9=0 v3=0 =90 A=—2(m—1)
2

Changing v and X into — ¢ and — A, we see at once that ¢, = c_, and the

* From the last condition, it follows that f (6, ¢ ) is continuous in every point of S .

t The corresponding finite trigonometric sums for a function f (z ) satisfying the ordinary
Lipechitz condition |f (zs) —f (z1)) |=A|z2 — 21|, N\ = const., were first introduced by
Jackson (see papers II and III, quoted in § 1).
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last equation becomes

. my|*
SmT Am—1) o . Um—1)
(33) = ¢y + E, (¥4 e) =c+2 X cycoshy.
. A= A=1
sn;
2

Expressing cos Ay as a polynomial of degree \ in cos v, and this polynomial
being expressed by the Legendre polynomials in cos ¥ of degree < \, we
reduce (30) to the form

Am—1)

T.(0,0) = 3 o [£(8, &) P, (cos y)do’,

the general term on the right side being obviously a spherical harmonic of
ordery22(m—1)2 n.
Having established this point, we may write (30) in the form

. my !
sin
[r6o-1@ | —| @
5 sin§
J(0,0)—Ta(0,9)= Ty )t ,
sxn—2—
. do.l
5 sin%

and by (28) we obtain

(34) 1F(0,0) = Ta(8,0)|Z - my )t
Sln7

sin Y

e

In the integrals, we now move the north pole to the point 6, ¢; then v = ¢’
and d¢’ = sin v dyde, so that

. my)* . my)t
s . e sin
Jo|—{a= [ [Tam|—=| snvyayde
§ sin g ¢ sin
Y 4

. m
- SlnT

=21rf w(y) p” sin ydy,

o sin§
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4 4
sin "_L27. . | sin o
[ do' =2 [ sin v dy .
S I 4 () .Y
sin 5 sin 5
By the aid of (29), we obtain
m 4
1n 1 sin 27
w('y) smvd'y—f + f ( ) sin vy dy
° sin X 1 inX
2 2
1 . 4
W ( ;L ) sin '7%1
+ sin vy dy
e sin %
14 4
1 . (sin%— 1 . sin =Y
<w(;b)f —_—— sin'yd'y+nw(;b)f Y sin vy dy
0 sin § o sin '§
[ . my]* . my)!
N\ S0 I\ e |t
<w(—)f sin7d7+2m(—)f v sin ¥ dvy.
n)J .Y n)J ]
sin o sin
nce n < 2m, by (31), it follows from (34) ‘that
4
sm—
2m f sin y dy

sm o

14 4

my
f, sin—-
() o
sing
Y 2 o

Observing thatsinz > 2z /7 for0 < 2 < w/2andsinz < zfor0 <z <,
we find

(35) If(ox ‘P)_ Tn(o) ¢)l<w(i)

sin vy dy

. m 4 4
. sin =Y sin =Y sm‘m'y
2mf % sin'yd'y<2mf'y ydy = 2% mf d-y
o in- 0 Y
2 T
"7 ginty ® sint
=1r‘m2f dy < ‘m’f d
S

Trans. Am. Math, S8oc. 8
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4 4 4
sin v = | sin 2y si m_-y
* 2 . 2 2
~ sin ydy > sm'yd-y> py -;'yd'y
0 g 4 0 e —_
sin g sin 2

isin4m__7 fiadd =

32 [? 2 8 f ¢ sint vy 8 *sint y
= — = —m2 > m?

) av= e [ ey e [ gy,

and from (34) we obtain

'n'“f sm47d7
1
170, 0) = T8 0 | <w(3)] 14 2 T (i a5,

sint v
8 f d
o 7 y
which proves our theorem.
Although not necessary for the application in § 4, it is interesting to derive

from (35) a fairly small numerica! upper limit for the constant K in theorem I.
With the notations

4 4
sin =X sin Y
e 152 vy, 1=k (2] 22|
™ 4Am? A K smvyay, m = om A Y oy sin vy avy
sin 5 sin >
2 2
equation (35) may be written
1
(39) 76 0) = a6, 01 < (1+7)a(3),

and making v = 2u and using the inequality » cos u < sin u (0 <u< 2)
we have

kg

I = 1 [*sin® mu cosu
" m? sin® u

f u sin mu cos u sm‘ mu
L. = T sin%w m sin? u

Considering first the integral I,,, we integrate by parts and obtain

3
m I, = _.2f sintmu - d(snl ) —sm‘ +2 f sin mucosmudu

du,
(37)

in? sin? u
—_1)m — 3
_(———1-‘)-1-——1—2mf sin® mu cos mu - d cot u
0
_(=1m-1

3
3 + 2m? j: (3 sin? mu cos? mu — sin* mu) cot u du;
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as 3 sin® mu cos® mu — sin* mu = } (cos 2 mu — cos 4mu ), this gives

(=1)==1

In= o Y

where
z
Im = f cot u (cos 2 mu — cos 4mu) du.
0

Consider the difference jm — jm—1; the identities
cot u[ cos 2mu — cos 4mu — (cos 2 (m — 1) u — cos 4 (m — 1) u)]
= cot u[— 2 sin usin (2m — 1) u + 2 sin 2u sin (4m — 2) u]
= —2cosusin (2m — 1) u + 4 cos? u sin (dm — 2)u
= —2cosusin (2m — 1) u+ 2 (14 cos2u) sin (4m — 2) u
= — sin2mu — sin (2m — 2) u+ 2 sin (4m — 2) u + sin dmu

+sin(d4m — 4)u
give, upon integration between the limits 0 and 7 /2,

. . 1 - 1 - 9
Jm—]m—l=%[(—' 1) -1]-|-2m_2[(_ 1)1 — 1]+W_

where, for m = 1, the second term on the right side should be replaced by
zero. On account of jop = (, we conclude that

jm=2[—[(—l)"—1]+ S[(— 1 — 1]+ y_l]

) SRl 2o B[

2m 2m — = 2v—1

the result being also true for m = 1, if the sum on the right side is replaced
by zero. It is now seen that

=f(—-1)y—-1 2 ) (=1)m-—1 2 (-1)»-1
(38) In = Z_l( st o1)t em Tamoit om0
and
I _I_(—l)"‘—l_(—l)"'—l (—1)"'+1+ 2 (=141
1 " 2m 4m? 2(m+1) " 2m+1" 4(m+1)?
or, when the cases m odd and m even are separated,
1
miemt 1)’ ™odd
Im-l-l""Im= 1

A(m+ 17 (2m+1) ™V
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so that in both cases

(39) Ini1 > Inm.
For m = 2, (38) gives the value 2/ 3, whence by (39)
(40) I.S $=06667 — for mS 2.

To form an idea of the approximation furnished by (40), we observe that by
equations (39) and (38),

mlr(—1) - 2
Im<Im<limIzm=lim2((—) 4+ )

m=00 m=0 p=1 14 21’ - 1

. 2m—1 2 m 2 2m—1 2
=l‘m(22v—1'22y—1)"hm 2 51

m=00 v=1 v=1 m=0 v=m+1

m—1 1
! > 1 f dz
m=g 2m — 1 v—l2+ ; T

2m —1
= log 2 = 0.6931 4.
Passing to the last integral in (37), we have

w -
4 (?sin* mu 2 [ sin mu \?
— ——du = — (1 — cos 2mu )\ — du
mJ, sin’u m J, sin u

Writing v = 2u in (32) and squaring, we obtain

1 2 m—1 m—1 +(m—1)
(Sll:l mu) = g—2m—Dui 2 Z trant — Z c)" ez\w;
sin % v1=0 vg=0 A=—(m~—1)

changing » and A into — » and — A, we find ¢, = ¢_,, so that

M 2 m—1
sin mu , ,
—— ) =c 22, ¢, cos 2\u
( — ) o+ E 4 ,
whence

4 [%sin* mu 2 (3 , .
mJ sn'u du-—;n-f (1—cos2mu)(co+2kz=lc,‘cos2)\u)du

2 .7,

== —c.
m 27°

From (32) it is seen immediately that c, is the constant term in the expansion of

z“""l)(l_z”)2= ~m=1) (] — 2am 4 x”")i(v+ Dz,

l bandit 7 =0
or ¢, = m, so that we obtain from (37)
(41) I.<m.
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Equations (40) and (41) now give

1+§—"-'<1+§§<6 for mS 2;

that is, on account of (31), for n S 2, and from (36) we derive the desired
result

2) 50, 0) = Tu0, @) | <60(3) (r-2,5,4, 0.
Before leaving this subject, we shall evaluate the integral
1 (% sin mu\*
43) In = md J, ( sin u ) du

occurring in Jackson’s investigation of the approximation to a function f ()
of period 27 and satisfying a Lipschitz condition

f(@) = f(2) | SN 22— 2]

by finite trigonometric sums. By an asymptotic process, Jackson* shows

that
(44) In> Jmp1,  lim Jn = 1?: )

Writing ¥ = 2u, we obtain at once from (33)

Co ™
m 2

In =

By (32) and (33), ¢y is obviously the constant term in the expansion of

- 4
Z 2D (1 zﬂ) = g2 D (1 — 42™ + 62™ — 4™ 4 a*™)

1—2
© (v +1) (b +2) (v +3)
XX 1-2-3

so that, the terms in the infinite series with v =2 (m — 1) and v = m — 2
being the only ones contributing to ¢,
_(2m—l)-2m(2m+l)_ (m=1)-m(m+1)

m 2
o 1-2-3 4- 1-2-3 =3 (@m +1),

",

and consequently
1
(45) J,,.=-§-(1+2—"7,).

From this expression, the two properties (44) follow at once.
* In the paper previously quoted as III, pp. 503-507.
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§ 4. The degree of convergence of Laplace’s series for functions satisfying a
generalized Lipschitz condition.
TrEOREM II. When f (0, ¢) satisfies the gemeralized Lipschilz condition
(28) 18, ¢)=F(8,¢) £w(v)
for any two points 0, ¢ and 6’, ¢’ on the sphere S, the funcion w (v) being
subject to the conditions
o (')

@) w(v) o), “’—({—)g ) tor 0<y Sy <, liman(v) =0,
=0

then f (0, @) is approximated by the first n + 1 terms of its Laplace series in
such a way that the remainder

r{f0, @)} =50, ©) —3.{f 0, ©)} =F(0, ¢) — %rf;f(()', ¢') 8, (cos v)da’
satisfies the inequality

[ra{f (0, @)} ] §K’w(—71;-)V;z (n=1,2,3, ),

K’ being a constant independent of n.
The principle of the following proof is due to Lebesgue, in the case of
Fourier’s series.* From the identity

f(O’ ‘P) = Ta (0’ ‘P) + [.f(as ‘P) - T. (0: ‘P)]
and the definition of the remainder r,, it follows that
fn{f(oy(o)} =rn{ Tn(ay ¢)}+rn{f(0’ ¢)_ Tn(o: ‘P) };

the Laplace series of T (8, ¢) being obviously this function itself, it is seen
that
ta{Tn(0,¢)} =0.

The definition of r, then gives

‘fu{f(o’ ‘P)l = lfn {f(o: ¢)— Tn(o’ ¢)}| -g lf(a’ o) — Tn(o; ¢)|

1
+ o [150, &) = Ta @, )| 5a (con )| e,
S
and if we apply theorem I,

I (70, 0011 S Ko (3 )+ Ko (7)) g [ 1on (conm) o
= Ko(7)1+00),

* H. Lebesgue, Sur la représentation trigonoméirique des fonctions, etc., Bulletin de la
Société Mathématique de France, vol. 38 (1910), pp. 184-210; pp. 196-197;
Sur les intégrales singulitres, Annales de la Faculté des Sciencesde Tou-
louse, ser. 3, vol. 1 (1910), pp. 25-117; pp. 116-117. Compare also Jackson, I, II, III.
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by the definition of p, at the beginning of § 2. On account of (27), there
exists a constant ¢ independent of n and such that

pn S cV'n (n=1,2,3, ).

The preceding inequality now shows that

Irl6, DN SKQ+eVme (3 ) SE(1+ 0 o(3) va=Ko(3)Va,

which proves our theorem.
It follows, in particular, from theorem II that whenever

lim w( ) Vn=
the Laplace series corresponding tof (8, ¢ ) 13 convergent and equal to this function
at every point of the sphere S.

In the particular case of the Legendre series corresponding to a function
f(z) = f(cos @) satisfying the condition (5), which is analogous to (28),
Jackson* has shown that for any positive e there exists a constant K’ (¢)
independent of n (but depending, of course, on ¢) such that

|ra {f(2)}| < K'(e)w(%)logn (n=2,3,4, ---),

uniformly in the interval
—14+4efz<1~—ce.

This result cannot be extended to the limiting case ¢ = 0; on the contrary,
we have the following theorem, which may be considered as the reciprocal of
theorem II:

TraeorEM III. Let w (v) be a function subject to the conditions

w('y),zw

; ) for 0 < y<¥'<m;limw(y) =0,
Y Y ) y=0

29) w(v) 2w (¥,

and Q (v) any other function such that

() _ ..
(46) e =Y
there exists a function f (0, ¢) satisfying the generalized Lipschitz condition
(28) 1f(0,¢)—F(6,¢)] £wlr)

for any two points 8, ¢ and 0’ , ¢’ on the sphere S, and such that, at a given point
* Paper referred to as I, theorem (1).
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60, o, the remainder in its Laplace serves satisfies the inequality
1\ -
ERTICRSHES I

for an infinity of values of n, the constant K"’ being independent of n .

To prove this theorem, we shall construct a special function f (8, ¢) having
the required properties,* choosing the given point at 6, = 0, ¢o= 0, and
making f (8, ¢) = F (0) independent of ¢, so that our Laplace series will
reduce to a Legendre series. Our function F(6) will be built up from
elements of the form F, (), this latter function being defined by

4ut1

1 x
n+1 4°

n+1

(47) F. (0)=sin((n+1)0-——j-;—) for 6

x
4

1IN
IA

= 0 outside of this interval,

u and n being positive integers (or zero) to be determined later. F, (0) is
continuous, as it vanishes at the end points of the interval above, which we
may denote by (u, n).

By (47), we have F, (8) = 0 for § = 0, so that, developing F, () in a
Laplace series, we find

ta{Fn(0)} =—38,{Fa(0)} = —‘%fF,.(B’)s,,(cos'y)da’,
T Js

or, introducing do’ = sin 6’ d6’ d¢’ and using the well-known formula

f P, (cos v)dy' = 27 P, (cos6) P, (cos @),

0

making 6 = 0, so that P, (cos @) = 1, and finally writing 0 instead of 8’,

ra{Fn(0)} =— %f F, (0)8,(cos@)sinfdl.

0

Since F, (0) is identically equal to zero in part of the interval of integration,
we may write

(gL}

4+l
sy
ra{Fa(0)} = —%f F,(0) s, (cos @) sin 8db;
or introducing the value F, (6) = sin ((n +1)0 — -:—) in the interval in
question, and using (15),

# In principle, the method of proof is due to Lebesgue, who applied it to Fourier’s series;
see papers by Lebesgue and Jackson previously quoted.
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1
n(Fa(0)) == %P(jz Pin%z) X
nt3

f‘:ﬁ‘: sint (ot 10— E) o, a0 sin((n+1)0 - F)
(2sin )} 2T s 2sin%(2sin0)i

(48)

dg.

x
14

Now assume u < 2 ; we then have, in the interval of integration in (48)

0 1 . 2 . 0 2
(49) cos—2->—‘)§, 0> sm0>;0, 2sm?> 10,
so that
‘::;l:sm’((n+ 1) — 4) 1 ‘:,f,“4'31n’((n+ l)o—z—)dﬂ
f: .. (2sin @)} cosy d0>§f . Ve
nHl T s e

. w
wst toint ((nt 10— §)

> @
2 =1J4v-3 x Ve
a1 4
‘,:'Il’:smz((n+ 1)0—-—)
(50) f do
v=l 4y—38 x 4V+ 1 w

w e n+14

_Vr 1 e 1
8 Vn+1§vb+1

1 w+l du
‘Vatild Va1

_Vr _ !  raaDTi-
- e (VAGFDFI-3).

For the second part of the integral in (48) we obtain, using (49) and observ-
ing that |9 (n,0)| <1,
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poel ) n+1lw
f:TQ‘ln(n,o)sm(("-'_l)o )do <sz 1
st T zang sy 2;2—,0(30)’
ut+lw
) 3l fn_ﬂ'ido
T n+41 L. O
n+l 4

and on combining (50) with (51), it is seen that

f‘%‘; sin? ((n+1)0-— :) +24n(n o)sm ((n+1)0—;) »
1 $
. (2sin6) 2 2n+3 2sing(2 sin 9)#
1/1_1'

1
—— (VEI(at 1) F1-3)— H_L(l_ ‘/4”__'__1)

16 Vnil +1 Va1

’ n
> n+1

for n and u sufficiently large, ¢;, as well as ¢,, cs, -+ which will be intro-
duced below, signifying a certain positive constant, independent of n and u.
By (26) we have, for n sufficiently large,

2r(3)r(n+2)
T T(n+4$)

so that we finally obtain from (48)
(52) |ra{Fa(0)}|>csV4p+5 for n2n', u2u, 2u<n.
On account of (27) there exists a ¢, such that

>Seavn+1,

(53) pr < cVn+1 (n=1,2, ).

We now select an infinite sequence of positive integers n1,n,, n3, - - - subject to

the conditions
m2n,

(s2) < v ()
(54) AN+ 1) 4 va,+1 “\na+1)

1) 1 (l) )
QU — )< —— - (£§=3,4,5, :---).
(nt‘ l/n.'_1+1w n *
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The determination of such a sequence is possible, because after determining

ni, Mg, * -+, Ni_1, we may satisfy the last two inequalities (54) by making n;

large enough, on account of lim,_ow (¥) =0 and lim,, @ (y)/w (y) =0
To each n; we now associate a u; by the condition

4u; + 1 1 <4m+5.
ni+1 " na+1=n+1"°

then any two intervals (p;, n;) and (uj, m;), in which, by (47), Fa, (0)
and F,; (6) respectively are not identically zero, have no points in common.
Finally, we make »; equal to zero or unity, according as

el Zgee(551) B 0

(55)

exceeds
o ni+1 w( T )
4r \Np +1  \mi+1
or not. Then the expression
— 1
(56) F(0)=§2_1r”‘w(n.+l)F”'(a)

has the properties required by theorem III.

Since for any given value of 6 not more than one of the terms in the series
(56) is different from zero (the intervals in which any two different functions
F,.;(0) are not identically zero, having no point in common), the series is
convergent. Furthermore, F (6) satisfies the condition (28). To prove this,
we first assume that § and ¢’ belong to the same interval (p;, n;); in this
interval we have

F(8) = ( +1)sin((n.-+ 1)0—2).

We now determine an integer A by the condition

DT _ 2+ 2
0+ mtls Y} it 1 3
and denote by 6’ that one of the two quantities
2\ 2A+42
0+n‘_+1 and 0+n.+1

which is nearer to 6’; then we have

(57)

LA
-olsir
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F@)—F@)=F()—F(")
Vs

=2_1rw(r#>' (n:4+1) (0’—0”)cos((n.-+ l)’;’—;—r'),

¢ lying between 6’ and 6”’, and consequently

“(a¥1)

1
|F(8) — F ()| <3 07— ¢

T
n,+l
()
_1 ni+ 1 Ie',—.oll 7 71y,
=3 pu 'w(lou_orl)""('lo —0‘),
n.-+1

or, on account of (57) and the fact that w (7v) /¥ does not increase with v,
(58) |[F(0')—F(@)|<3w(]60"—0])Siu(|6—0]).

Next suppose that 6 belongs to the interval (u;, n;) and & to the interval
(mi, m;), and let 6; be the end point of (u;, n;) nearest to 8, and 6; the end
point of (u;, n;) nearest to 6;; then, since F (;) = F (8;) = 0, we have

|F(8) — F(8)| = | F(¢') — F(6;) + F(8;) — F (8:) + F (8:) — F®) |
S |F (@)= F(0;)|+ |F(0:) = F(8)].

Applying (58) and considering that w (v ) does not decrease as v increases, we

find
|F(80) = F(8;)| <3w(]0—6;]) S3w(|0'—10]),

|F(8:)—F(0)|<3w(|6:—0])Z3w(|60'—0]),
so that finally, for any values of 6 and ¢’ in the interval (0, )
|F(8)—F@)|<w(|O—10]).

Now |6 — 6| < v, since |6’ — 6] is one of the sides in the right-angled
spherical triangle of which # is the hypothenuse, and consequently

|F(0)—F(6)|<w(y).
We now complete the proof by showing that
|r,.‘{F(0)}ng”9(7%)|/rT.- (i=1,2,3, ).
On account of (52) and (55), we have

1 T ¢z [ni+1 T
r”‘{ﬂw(nrl- I)F"‘(O)H>2—1r ni1+ lw(n-"i' 1)’
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so that in case »; = 1 we have, in view of the definition of v;,

’“{f\:zlar"""(n,+1)”"'(°)}' '"‘{21w (m+1)F”‘(°’H
- ’"*{gzlw”""(n +1)F"f(°)} > ox \'n?:l-llw(n:l-l)

n;+1 ( T ) i1 ( ™ )
41r nia+ 19\ ni+1 41r a1 nip+1/°

In case »; = 0, the definition of v; gives

}Tm{gélﬂjww( P I)F"' (0) }

R0 v,w(n,+1)r,.<0)}|

> ___a_ \l n; + 1 ( ™ )
4r Vn + 1°\ni+1)°
so that we always have

o 1 n,+1 ™
'”'{szr"""(n ¥ I)F"'(O)H ”4r \[n,-_1+ 1o (1)
From (56) and (59) it follows that

ol gl
ol Sz mo])
1

1 T
_+21r""”( +1)F"f(”)! 3¢ (n,-.,.l-l-l)

for all values of 6, it follows from the definition of p, and the inequality (53)
that

] Zaeve ()@ ]
@ o) w Ll = g0 (X)) o

<El' (nt-l-l'l' I)Vn'-l- 1.
Making § = 0, we conclude from (60), (59) and (61) that

|r,,‘{F(0)}|> Vltl-:‘ll (nill)—% (M1+1)l/n.+l

(59)

(60)

and s'nce
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The second inequality in (54) shows that the right-hand expression is greater

than
) 2 NE )
8 Vo +1°\n;+1/)=8x Vo', +1%\)?
since
T 1
n;+ 1 g 77."
and from the last inequality in (54) we finally obtain
{F(O)} >—cs—9(l)l/' +1 (4=1,2,3, --)
Tng 8w n; n; =1, 4,9,

which completes the proof of our theorem.

In the case of the Legendre series, Jackson has shown (l. ¢., I, theorem III)
that there exists a K’ independent of n and a function f (x) = f (cos 8)
satisfying (5) such that

|7 1£(0) 1] > K7 o} ) logn

for an infinity of values of n. Apart from the introduction of V'n instead of
log n necessitated by the asymptotic expression for p,, our theorem III differs
from Jackson’s result in two respects: first, by the introduction of the function
Q2 () converging toward zero with v more strongly than w (), and second,
by the fact that while the two conditions

|f(cos®) — f(cosB)| Z w(|cos® — cosb]|) (Jackson),

|f(cos@) —f(cos)| 2 w(|0—0]) (present paper)
are essentially equivalent in the interior of 0 < 6 < 7, this is no longer the case
in the vicinity of @ = 0, since

. 0 —
lim cos cosG=0.

0,0’=0 0' - 0

Caicaco, ILL.,
February 10, 1913.




