
ON THE DEGREE OF CONVERGENCE OF LAPLACE'S SERIES*

BY

T. H. GRONWALL

§ 1.   Introduction.

Let S denote a sphere of unit radius, and refer its points to a geographical

system of coordinates, 6 being the polar distance and <p the longitude; the

north pole and the zero meridian may be fixed arbitrarily. Further let

f(B,<p) be a uniform function of the position on the sphere, and suppose

this function to be absolutely integrable in the Riemann sense, so that

f\f(.e,<p)\da
Js

exists, where da = sin 0 dd d<p is the surface element of S. We finally denote

by 6', <p' any point on S, the corresponding surface element being da", and

by 7 the angle between the two vectors from the center of the sphere to the

points 6, <p and 6', <p' respectively (or, in other words, the distance between

the two points in question, measured on the great circle joining them). This

angle y is completely determined by the condition 0 ^ 7 ^ ir, and we have

cos y = cos 6 cos 6' + sin B sin 6' cos ( <p' — <p).

Then the Laplace series corresponding to f (6, <p) is

"> 2n 4- 1   C
(1) f(6, <p) ~ E-£-     f(e', <P')P»(cos-y)dcrV

n=0        *T        Js

Pn being the nth Legendre polynomial; the equivalence sign «> sign fies that

the series is considered in a purely formal way, and implies no statement in

regard to its convergence.

An important particular case is obtained by supposing/ (6, <p) independent

of <p; writing cos 6 = x and f (0, <p) = / (cos 6) = f (x), the Laplace series

(1) becomes the Legendre series corresponding tof(x):

» 2n 4- 1  r+1
(2) f(x) ~Zc„P„(a:),       c„ = ~~- \    f(y)Pn(y)dy.

n=0 *• J-\

* Presented to the Society February 22, 1913.
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The present paper is concerned with the degree of approximation obtained

by replacing/ (0, <p) by the sum of the first n + 1 terms in its Laplace series,

or in other words, with the investigation of the function

(3) rn{f(9, V) }=f(0, <P)-%^rjj (8'><P')P; (cost) da'

under the assumption that for any two points 0, <p and 0', <p' the function

f (6, <p) satisfies a generalized Lipschitz condition of the form

(4) \f(6',<p')-f(e,<p)\^u(y),

where, for y increasing, a ( y ) never decreases, and a ( y ) / y never increases,

while lim^ow (7) = 0. On account of the last condition, / (0, <p) is ob-

viously continuous all over the sphere S.

In a recent paper, Jackson* has treated the corresponding problem for the

Legendre series (2), assuming that/ (x) satisfies the condition

(5) \f(Xi)-f(xi)\^u(\xi-xi\),     -l^xi^l,      -1^X2^1,

the function u> being subject to the same restrictions as above. He confines

his investigation, however, to the points of the interval

(6) -14-e^x^l-e,

where e is any positive quantity. The methods of the present paper apply,

on convenient specialization, to Legendre's series for x = ± 1; whenever the

occasion arises, we shall compare our results with those of Jackson and thus

bring out the fundamental difference between the behavior of the Legendre

series in the interior points of the interval (— 1, 1) and in the end points.

Section 2 of the present paper gives a lemma of fundamental importance:

supposing f (0,<p) in (1) limited by the condition that |/(0,tp)|«^lat

every point of S, then there exists a function / (0, <p) of this kind which

makes the absolute value of the sum of the first n -\- 1 terms in Laplace's

series a maximum p„ at a.given point 0, <p, and it is shown that these con-

stants pn, which we shall call the Lebesgue constants for Laplace's series,t

tend towards infinity with n as Vn,% or more accurately, that §

* Dunham Jackson, I. On the Degree of Convergence of the Development of a Continuous

Function According to Legendre's Polynomials, these Transactions, vol. 13 (1912), pp.

306-318.
t Lebesgue first showed the fundamental importance of the corresponding constants for

Fourier's series; see Lésons sur les series trigonométriques, Paris, 1906, § 45.

t Jackson shows (1. c., pp. 306-309) that the corresponding maximum for Legendre's series

in the interval (6) is inferior to a constant multiple of log n .

§ The first proof of this relation may be found in § 2 of my paper Über die Laplace'sehe

Reihe (Mathematische Annalen, vol. 74 (1913), pp. 213-270); the present proof con-

tains several simplifications and also some new developments which will be used in § 4.



1914] on the degree of convergence of laplace's series

lim-y
n=oo vn

In § 3 it will be shown that/ (6, <p) may be approximated by a sum Tn (0, <p)

of spherical harmonics of degree not exceeding n in such a way that

|/(*,*0- Tn(d,<p)\^KU(J^       (n = l,2,3, ...)

at every point of the sphere S, K being a constant independent of n. The

method of proof is closely related to that of Jackson* for the corresponding

problem regarding f(x).

In § 4, the preceding results are used to show that for all points of S

I r«{f(6,<p)} | zK'aC^jv'ñ     (n-1,2,8, •••),

K' being a constant independent of n, and that, conversely, if Ö ( y ) is a

function subject to the same restrictions as «0(7) and furthermore

hm—-.—r= 0,
y=o«(7)

then there exists a function f (6, <p) satisfying (4) and such that at a given

point 6q , <po the inequality

\rn{f(e0,<Po)\\5K"a(^)Vn

is satisfied for an infinite number of values of n, the constant K" being in-

dependent of n .f

§ 2.   The Lebesgue constants for Laplace's series.

The sum of the first n -f- 1 terms in (1) is equal to

». ./(*, <p) ]=¿X/(ö'' ^j*- <«* *> *•'
where

(7) «.(*) = è(2*+l)P,(a0.
r=0

Limiting / (6, <p) to the class of absolutely integrable functions which are not

* Dunham Jackson, II. Über die Genauigkeit der Annäherung stetiger Funktionen durch

ganze rationale Funktionen gegebenen Grades und trigonometrische Summen gegebener Ordnung.

Inaugural-Dissertation, Göttingen, 1911. III. On Approximation by Trigonometrie Sums and

Polynomials, these Transactions, vol. 13 (1912), pp. 491-515.

t For / ( x ) and x limited by (6), Vñ may be replaced by log n and Si(l/n)by»(l/n)
in the two statements regarding r„ .    (Jackson, I, theorems 1 and 3.)
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greater than unity in absolute value at every point of S, we see at once that

|*»{/(0, V)} I ̂ ¿Jj*» (cos 7) | d<r',

and the absolute maximum

p„(0, <p) = max. \sn{f(0, <p)} | =^.J |»»(cos7)|oV'

is reached at the point 0, <p by defining / so that

f(0', <P') = sgn. «„(cos 7),

where, in the notation of Kronecker,

+ 1,   a>0

sgn. a = 0,   c = 0

- 1,   o< 0.

Moving the north pole of our coordinate system to the point 0, <p, we obtain

7 = 0' and

Pn(0, <P) = 4¿ il*» (cos y)\do-' = -£r J   J     |a„(cosfl')|sinÖ'd9'd<p'

= è r*|«„(cosé>')|sinÔ'ii»',
Jo

so that pn (0, <p) = Pn is independent of 0, <p; writing cos 0' = x, we find

(8) Pn = $f     \sn(x)\dx, (n=0, 1, 2, •••)•

In order to investigate the order of magnitude of p„ with respect to n,

we begin by developing an asymptotic expression for s„ ( cos 0 ), which will

furnish approximations to the roots of the equation s„ ( cos 0 ) = 0.

From the well-known equation of definition of Legendre's polynomials

(9) l/.—l—jr-2=tPn(x)z\ |l|<l,
V1 — 2xz + z2     »=o

where the square root equals unity for z = 0, the equally well-known formula

Ir-±^r^i=±{2n+1)Pn(x)zn

is easily obtained, and on multiplying both sides by

1 Ä
,-= Z)*"í — z     B=0
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and using (7), it is seen at once that

1   -I-  5! »

(10) d-2xz+z2r2=lkSn{x)zn>   |z|<1-

If we write 1 / z instead of z and introduce x = cos 6, this becomes

z2 ( z + 1 ) °°
i11) ( a _ e*i )3/2 ( z - e-»i)3l2 " S '" * C0S e)Z~n' lZl>:1'

the radicals being determined so that their real parts tend toward + oo when

z tends toward infinity by real and positive values. Then the application of

Cauchy's theorem gives

(11) sn (cos0) = 2-Je(z_eí<)l(2_g-W)|ífe,

the contour of integration C enclosing both of the singular points z = e"

and z = e~*'. Now let e be a positive quantity which will later be made to

tend toward zero, and let C consist of the circuit Ci around z = e", composed

of the three parts : (1) the straight line from z = 0toz=(l — e )e", (2)

the circle z = ew + te*', 0 — ir ^ <p ̂  0 + tc, (3) the straight line from

z = ( 1 — « )e" to z = 0, followed by the circuit C2 around z — e-", composed

of the three parts: (4) the straight line from z = 0toz=(l — €)e-,i, (5) the

circle z = c-w + te*', —0—Tr^<púir — 0, (6) the straight line from

z= (1 - i)«""toz = 0.

To make the passage to the limit « = 0 possible, (11) must be transformed

so that the integrand in (11) becomes infinite of an order less than one at the

singular points, and to this purpose we use the identity

«+i_i  r 1
(z - e")'(z - «-*)» z - 1 L(z - e*')*(z - O*

+ 2z- _I_1
;(z-e*)*(z-e -W)»J

which gives, upon integration by parts,

r     zn+1(z+i) r_z^_

J (z-e'^Hz-e-*)*0*-      J (z- l)(z-etif(z-e-ti)idz

/~n+2
(z.- l)dz(z-ew)*(z-e-w)»

2z»+2 1

dz

f (2n+3)z"+1
+ J (z- l)(z- e«)l(z - e-")*

-/

2zB+2
;dz.

(z- lV(z- e«)*(z- c-"')*



6 T. H. gronwall: [January

Integrate over the circuit Ci; the expression outside of the integral signs

vanishes at the beginning and the end of Ci ( z = 0 ) ; making e = 0, the

integrals over (2) vanish, and those over (3) become equal to the correspond-

ing ones over (1), owing to the fact that (z — e'*)è changes its sign when z

describes the circle (2).   We therefore obtain

J_ f        z"+1(z+l) 1 r" (2n + 3)zn+1
2« Jq (z - c9i)'(z - «r«)1 « Jo    (z - 1) (z - e'Wz- «r«)*

2z»+2P    _
iriJo     (z — 1

_j«
mX     (z- I)2 (z - ¿^Kz - e-")*    '

the path of integration being the straight line from z— 0 to z = e'*, and the

initial values of the radicals for z = 0 having their real parts positive (being

positive for z = + oo and never passing through zero as z moves along the

real axis).    We now introduce a new variable of integration, making

z=eH(\-u),       0 £ « £ 1;

then, on account of the manner of fixing the values of the radicals for z = 0,

(z-eti)i = et    -u*,       m*^0,

(z - <-<)»- V2án0 • Í ' (l - «tlL'l
\ 2 sin 0 I

where

(■
= + 1   for   u = 0.

2 sin 0

Introducing all this in the integrals above, and writing

*-w

-(-Ï)'ß 6
(12) a-¿ ,       ß =

2 sin 0 '
2sin2

we obtain

1    f      z^z+l) 2n+3        e(»+D»i-|w«       /"n-)(i -M)"+i

2*iJCl(z-e«)*(z-e-<)*dz=     r    " 2 sin ^(2s¡no)i ^ ^"^)(1"^

2 gC+l)«-.-.- /«I W-»(l -M)»«:_r_
»\So   •   „xJ.   d-a")2(l-/3«)*

du.

^sin^)  (2 sino)1

In exactly the same way it is seen that the corresponding integral over the



1914] ON THE DEGREE OF CONVERGENCE OF LAPLACE'S SERIES 7

circuit C2 has a value which is conjugate to the one just obtained for C\,

so that, by (11),

,      as     2(2n+3)„     e(»+«»W-«       /.i      tt-i(i-«)»+i
sn (cos 0) = —--R- I   jz--W1      0 sidu

* c   •  B ,n  .   „..J*   (1 — au) (1 — ßu)*
2 sin-(2 sin0)* ' v        K  '

(13) 2V

^    (2sin02(2sin^J»   U—>»<1-JO»*'

where 1? denotes the real part of the expression following it.

This formula will now easily give the desired asymptotic expression for

«»(cos 0).   On account of (12), we have for 0 ^ u <J 1

i»—r-(i-Sj+ï.*U(l-ïy*i.

ii-^i'-^-iy+fcot'ië^-D'ïj,
so that

<14> [î^n^2'   it^h^2;

furthermore the identity

(l-cm)(l-j3w)*_1 = J» \(l-mt)2(l-|8MJ»+2'(l-au)(l-/3tt)»JdM

shows, by the aid of (14), that

\¿smñ /

2« 2«   \ 8m

(l-au)(l-/3it)*    VJ, v" '"' \0 .   0 + 2sinff)U<sinfl'"2

From the first integral in (13) we now obtain

2 (2ra + 3) _     e(»+»«-i-»-       f1     u-* (1 - «)n+1
du

0
2sin2(2sinff)*

r   u-*(i-u)»+1

X   (l-au)(l-ßu)1'

-i-^—¡-R--- I   M-»(l -u)n+1du

T 2sin2(2sine)*J*

^2(2n+3)               1 8    f1   .,,       .n+1,
< —--z--=—¿\   u*(l — u)n+1du,

2 sin» (2 sm0)*

or evaluating the Euler integrals of the first kind occurring in this formula and
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reducing the result by means of T(x-f- 1) = xT (x),

2(2n+3)_     c<»+»«-l-<
R

r1   u-j(i-u)n+1

J. (l-<m)(l-ßu)idu

Q)r(n + 2)   sin((n+l)0-^)

a

2 sin x (2 sin 0)*

4;
7T ■(•+§)

<;(«+t)

2 sin» (2 sin 0)*

r(Ör(n+2)   _W

(0r(n+2) 8

2 sin~ (2 sin0)*

0
2sin2-(2sin0)1r(.+f)

The second integral in (13) may be estimated directly by (14), which gives

du
4-8 e(n+|)»i- wi ç\        „-' (1 _ M)»+»

(2S,4)!(2S¡B»).J-  (1-«•)'(!-W

i, tr»(i- u)n+2du

2«. 2»

(2sin|Y(2sin0)*'

4
x

2» •(!)•<-
+ 2) - r(n+2)

(2sin|y(2sin0)» (n + §)r(n + Í)

2-2 r(Í)r(n + 2)

*   2sin|(2sin0)« r(.+f)   •
Introducing these approximations in (13), we obtain the asymptotic expression

,  rQ)r(,n+2)sin((n+l)0--j)
sn (cos0) = —

T

(15)

■<-+i) 2 sin y (2 sin0)*

+ 4;
a)r<»+ 2)

24l?(n,0)

r(n + l)        2 sin |-(2 sin0)*
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where

\n(n,0)\<l       for       0 ^ 0 ^ ir       and       n= 1,2,3, •••.

To obtain some information regarding the zeros of sn (cos 0), we write (15)

in the form

(-+Î)T T\

(16)      8 r(jjV(n+2)
2 sin-^(2 sino)1 • s„(cos0)

•   a •   //   _i_i\/i      »A , 24i?(w,= sin0sinl(n+l)0- jl +   2n + 11
3

Subjecting the integers n and v to the inequalities

(17) n ^ 4»,

(n + 1)*.^ k ^ n- (n+1)*,

we introduce the special value of 0

.... „     4f+1 » «r

(18) «--MTT + OHFili'     "-*1'

in the expression (16).   From (18) it follows that

ir kit
(n-|-l)0o-T = y7r+(-^pTyi,

((n+l)0o-^J = (-l)"<tsin^n_

and

Furthermore, we have, by (17) and (18),

VK V "T" 1

0<^ri<^<^rir<x,

and, on account of sin x > 2x/ ir for 0 < x < t, we find, in case 0 < 0Q ̂ rr¡2,

•   a ^   •       "*•    ^   2        w    ^        2
sin 0O > sin —¡—r > — • —¡—r ¿. -.— ,   « v» ,

n+1      x   n+1 — (n+l)f

and in case ir/2 < 0O < t,

•ii>.-   " + 1 <  n~ "    ^ 2    n~ "    ->        2
sin 0o > sin —¡—-~ t = sin —¡—; t > — •     , - t Z ,     ,   ,...,

n+1 n+1        t   n+1—(n+1)*

and finally

sin ((n+ l)0o - ~)|- sin(n^1}|>7 •(n+i)»=(n+i)*
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From these inequalities it follows that

12    .      24

(n+1)*     n+1     2n+3

24?;(n,0o)

2n+3

and consequently, for 0 = 0O, the expression (16) has the same sign as the first

term on its right side, so that

sgn. *„ (0O) = (— I)' • k,

whence we conclude that sn (0) changes sign an odd number of times in the

interval

no.ï 4r + 1 ?r t       so s*v+1 T   \        v
KV) n+1   4      (n+1)*^        n+1   4~t~(n+l)*'

whenever n and v satisfy the inequalities (17). In case the interval (19)

should contain several zeros of odd order of sn (0), let 0, be the smallest

among them; we then obviously have

Returning to the expression (8), let x\, x2, • • •, x«, where 1 > xi > xt

> • • • > Xm > — 1, be the points at which *» ( x ) changes sign in the interval

— 1 < x ^ 1. Such points exist, on account of (20), and on the other hand,

8n(x) being, by definition, a polynomial of degree n, we have m ^ n.* For

reasons of symmetry, we also write Xo = 1 and Xm+i = — l;asP»(l) = l,

sn ( 1 ) is positive, and consequently

\sn(x)\ = (-iys„(x),       xA^x^xA+i,       X = 0,l,---,m,

so that

Pn=\jjsn(x)\dx=   (1£°+±P+  ...  +±£mySn(x)\dx

-!z(-.i>*Pv«>)*.
_ ¿ *=° J*K+1

* We do not need to use the fact that m — n , which is easily proved by Christoff el's formula

».<«)- (n + l)P'(*)~Pt,<*)
1 — x

and the fact that the zeros of P» ( x ) lie between — 1 and + 1 and separate those of P»+i ( x ) .

Substituting for x two consecutive roots of P„+i ( x ) = 0, we obtain values of s„ ( x ) of

opposite signs, and consequently the zeros of s„ ( x ) separate those of P.+i ( x ) , or m = n .
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Using the formula
/91Ï . dPn(x)        dPn+l(x)

we obtain

P»= \  Ê(-  DM P» (*a) + P»+l (*a) - -P» (**fl) - -P»+l (***)]>
¿   A=0

or rearranging the terms,

Pn=\[Pn (xo) + P„+i (aro)] + Z(- 1)a[^»(*a) + Pm-i (*a)]
¿ A=l

+ K     2}     [f,(awi) + f»»i(aWfi)],

or finally, observing that P„ (¡Co) = 1, P„ (awfi) = (— 1)",

(22) p„= 1 + E(-1)*[P-(*a) + í,h-i(*a)].
A=l

Let vi be the smallest, and v2 the greatest, of the integers v satisfying (17);

then to each v, where vi^ v^ v2, there corresponds, according to (20),

an index X, ( 1 ú X„ Ú m ) such that

cos 0r = xkv,        Vi úv úv2.

We obviously have \y+i > X„, and by the definition of 0„, there is an even

number of roots of sn ( cos 0 ) = 0 (or none) between 0„ and 0^+i, so that

X,+i — X„ = 1 ( mod. 2 ),
or

Xh-i- (v+ 1) =X„- v (mod. 2).

We may therefore write (22) in the form

Pn =   ( - 1 )*«-•• Ë  ( -  1 )"[P» (COS 0„) + P„+l (COS 0,) ] + 1

+ E'(-1)A[(Í>»(*a) + P»+i(za)],
A

the second sum extending over such values of X as are not of the form X„,

( vi ^ v Ú v2 ). As m ^ n, the number of terms in 2' does not exceed

n— (v2— vi + 1), which is less than or equal to 2 ( n + 1 )*, by (17). Each

term in 2' not exceeding | Pn (x¿) | + | PB+i (xx) | < 1 + 1 = 2 in absolute

value, we have *

1 + Z'(- 1)MP»(*a) + P»+i (*a)]|< l + 2(n+l)*- 2 = 0(n*),

* The notation/ (n ) = O (g{n)) signifies that for n sufficiently large, \f ( n ) | < A? (n),

where  A   is   a  constant  independent   of  n .   Similarly, / ( n ) = o (g ( n ) )   stands  for

lim'-^Uo.
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and consequently

(23)    p„ = (- l)V-> £ (- 1)' [Pn (cos 0y) + Poh-1 (cos 0r) ] + 0 (n*).

Our next step will obviously be the asymptotic determination of the general

term in the series above, and to this purpose we use the following formula,

due to Stieltjes* and constituting a generalization of the well-known asymptotic

formula of Laplace:

P„(cos0)=-
TV

(i)r(n+l)rcos(2-^0-j)

(24)
+

+

+

cos(
2n+3

(2sin0)*

_3tt\

4/
+

2(2n+3) (2sin0)*

_l2-32-52---(2p-3)2

2-4- • • (2p-2)(2n+3)• • • (2n+2p-l)

l2.32-52---(2p-l)2

cos
(2n±2p-la    2p-l   \

V       2        *-—*-*)ip-\
(2sin0)^

M(p,n,0)

where

2-4..-2p(2n+3)(2n+5)---(2n+2p+l)/0 .      fel
( ¿ sin 0 ) ■

|M(p,n,0)|<2   for   0 ^ 0 ^ w.

For our purpose, it is sufficiently accurate to make p = 1 in (24), and we obtain

P„(cos0)+P„+i(cos0) =

■G)r(n+l)

TV ■(•+i)

0
,((n+l)0-j)2 cosacos ( (n+l)0-

(2 80.0)'

/2n+3,

(25) +

2

t

-rz—, _. ,_  .   ... —2 sin 0 cos I ~"' "0
(2n+3) (2sin0)*L \    2

3f(l,n,0)     2n + 2M(l,n+l,0)
2 + 2n + 5 2

r(í)r(»+i)

-Í)

]

■(•+i){cos((n+l)i-j)-J
0

cot g

+
M' (n,0)

(2n+3)(2sin0)* I-
*T. J. Stieltjes, Sur les polynômes de Legendre, Annales de la Faculté des

Sciences de Toulouse, ser. I, vol. 4 (1890), pp. (?1 — G17. The method used
above for arriving at the asymptotic expression for s„ ( cos 8 ) was suggested by Stieltjes'

proof of (24).
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where

| M'(n,0)\ < 4   for   0^0^ ir.

By (20) and the various inequalities following (18), we have

cos((n + l)0,-^J = (-l)"cos^+,r1)t

c4<-\<2-z^z-(n+1)J;
Sm2     x'2(n+l)

consequently

cos ((n+1)0,-^)^1= (-ir^/cot| + 0(¿),

and furthermore

(2n+3)(2sin0,)»     ^V2n+3   ^+i^/     ^W'

finally Stirling's formula,

log T (* + 1) -(» + *)log*-* + èlog2^ + 1:^=3^^;.^

+      (-i)'^i_*_      0<#<1
^ (2p + 1) (2p + 2) x2**1 '       U^É'^1'

gives, for p = 1, and since fii = g , B2 = ^, T ( j ) = Vrr,

m ^rjiirjn+ii^ i r     i      mi
7T       r(n + |) |/^nL       4n \nVJ

Introducing all this in (25), we obtain

( -  1 )' [Pn (COS 9.) + Pn+1 (COS 0„ )] = ~ß= J^K + 0 ( ~. ),
Virn v       2 \nf/

whence, by (23),

(-1)^-1
V irn ÍiN/co,|+>¿0(¿) + 0(„.,.

In the second sum, each term is less than a constant multiple of n-*, and

the number of terms is less than n, so that

í,0(a)-0("¿)=0(",)'
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and consequently

(-1)A^'P" = ̂ nS>Í4+0^'
which may be written

,     nv_P» 2       n+l^/4x + 3 7r     4y-lr\    /      0, .   _ / 1 \

(_1)  '     Vn=WTr—£\nTÏ4-^V^2+0{n*)'

By (17) and (20), we have

4j/ + 3ir <tv — 1 it

n+1  4>ö,,> n+1  4'

and the preceding equation gives, when we increase n indefinitely,*

lim ( - 1 )**.-* -^ - -4=- T \ZcoT| d0.
n=oo y n     iry irJo     '        *

From the equation of definition (8), it follows that p„ is positive, and con-

sequently

( - 1 )**-"• = 1

for all sufficiently large values of n, so that

Making the substitution cot 0/2 = u2, we obtain

C   I     0 ,„      C"4u2du       r+*2u2du

X   V00^*"!   iWJL  Ï+Ï?'
and by a classical application of Cauchy's theorem, the latter integral equals

2tri times the sum of the residues of the integrand in the upper half plane, or

«{(S).«+(SU}-^(rií+=¿n)-^
Vi Vi

so that finally,

(27) Um-^ = 2A^.

§3.   Approximation to functions satisfying a generalized Lipschitz condition

by finite sums of spherical harmonics.

Theorem I.   Let f(0,<p)bea uniform function of the position on the sphere S,

satisfying the generalized Lipschitz condition for any two points 0, <p and 0', <p':

(28)_ |/(0',¥>')-/(0,*)|^«(7),

* The integrand decreasing monotonously as 8 increases, this passage to the limit is seen

at once to be legitimate, although the integral obtained is an improper one.



1914] ON THE DEGREE  OF  CONVERGENCE  OF LAPLACE'S  SERIES

the function co (7) being subject to the conditions*

u(y) ^ a(y'),

15

(29)

g(y) ^u(y')   ,    n .    ^   , .
—-— ^ —3—   for   0 < 7 Ú y < «*;

lim w ( 7 ) = 0.
•y=0

¡TAen ¿Aere exists, for every positive integer n, a sum Tn(9, <p), of a finite

number of spherical harmonics of order < n, approximating f (0, <p) in such

a way that

\f(0,<p)- Tn(0,<p)\^Kw(lln)

at every point of the sphere S, K being a constant independent of n.

In order to prove this theorem, we shall use a special type of functions

Tn (0,<p), defined by f
my

If(e',x>')

(30) Tn(0,<p) =

sin

. y
sin 2

da'

sin
my

sn

da'

where the integer m is related to n by

(31) 2 (m- 1) ^ n< 2m.

The function î7« (0, <p) is actually a sum of a finite number of spherical har-

monics of order ^ n; to prove this assertion, we start from the relation

sin
my

(32)

myt

(."2" —

sin — «   2

H»-i)V   1 - ew1" yt m—1

1-e« '" ¿Í       '

whence

m—1 m —1 m —I m—1 -f2(»—1)

= e-2(«-i)>» X) S Z Z e^+v*+'"*v{>-'i =     Z     <*«*»'
fi=0 y¡=0 i/,=0 y4=0 A=—Z(»—1)

Changing 7 and X into — 7 and — X, we see at once that Ca = C-a and the

* From the last condition, it follows that/ (6, <p ) is continuous in every point of S .

f The corresponding finite trigonometric sums for a function / (x ) satisfying the ordinary

Lipschitz condition \f (x%) — f (xi) | â A | Xx — X\ \, X = const., were first introduced by

Jackson (see pape» II and III, quoted in § 1).
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last equation becomes

(33)

sin-
my

. y
Sn2 J

2(11.-1) *0»-l)

= Co+ E ^(e^^ + e-^) = Co+ 2 X cAcosX7-
A=l A=l

Expressing cos X7 as a polynomial of degree X in cos 7, and this polynomial

being expressed by the Legendre polynomials in cos 7 of degree ^ X, we

reduce (30) to the form
2(f»-l) /»

Tn(0,<p) =  T ar \f(0',<p')P, (cos 7) da',
»=o      «As

the general term on the right side being obviously a spherical harmonic of

order v ^ 2 (m — 1) «^ n.

Having established this point, we may write (30) in the form

14

fs[f(6,<p)-f(0',<p')]

f(0,<p)- Tn(0,<p) =

and by (28) we obtain

sin
»17

.   7
Sin2 J

da'

X
sin-

my

. y
sin 2 j

do'

Xw(7)

(34) |/(0, <,)- Tn(0,<p)\<

sin
m7

sin-

da'

X
sin

my

. y
sin-j

da'

In the integrals, we now move the north pole to the point 0, <p; then 7 = 0'

and da' = sin 7 d7d^>, so that

X»«AS
(7)

.   my
sm_T

. 7
Sin2 J

da'= co(7)
Jo      Jo

= 27T  I    w(7)

sin
my

.   7
sin 2

7»7

sin 7 d7 dtp

•  7
sin 2

sin 7 d7,
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X
sin

7/17

. y
sm2 J

da' = 2w f
Jo

sin
my

. y
sin 2

sin 7 d7.

By the aid of (29), we obtain

r«(7)
i/O

.   my
sinT

sin

to

2 J

sin7d7 = Jo    +Jiin<Jo    »{»)

sin
7»7

. y
sin2

sin 7 d7

+ X» 1
• y

.   my
sm_T

. y
sin 2 j

sin 7 d7

<to
\n)Jo

.  my
sinT

sin 2 J

sin 7 ¿7 + nw
\ra/Jo

.  »17

. 7
Sm2 J

sin 7 ¿7

\»/ Jo

.   my
sinT~

sin
2 J

sin 7 ¿7 + 2mtoG)f
. «17

siny

. 7
sing j

sin 7 ¿7.

nee n < 2m, by (31), it follows from (34) that

2m I    7

(35) \fi9,V)-Tn{9,v)\<<*(¿) 1 +

.   »17
smT~

sin 2 J

sin 7 d7

i"

sin-
7/17

.   7
Sm2 J

sin 7 ¿7

Observing that sin a; > 2x / ir for 0 < x < it / 2 and sin a; < x for 0 < x < rr,

we find

Jo
2m I   7

sin-
7717

sin-

sin ydy <2m i   y
Jo

my
sinjj-

1
IT

Amy

ydy = 2ir4m

sin'-s-

= w\m2f
2 0;„4

sin' 7 J fán^y,
—5-d7<7r4m2 I    —¡-dy,

y >Jo      1
Tram. Am. Math. 80c. ¡8
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X"
.   my

. y
Sin2 J

sin7 w
sin-

Uly

.   7
sm-s

sin7 d7> r
Jo

.  my
sin-g-

1
L     2

2     .— 707
7T

r   •   4™7
32 r2 sin 2
32  r2 ""   2 8   , f1 sin47,   .8   2 f4siii«7_

'0        7

and from (34) we obtain

|/(0, <p)- Tn(0,<p)\<<¿(^) 1+     \     + («-1,3,3,
•),

|M^d7
•A)

which proves our theorem.

Although not necessary for the application in § 4, it is interesting to derive

from (35) a fairly small numérica! upper limit for the constant K in theorem I.

With the notations

1   r
ám2X

my
sin

.   7
sin g

sin ydy>       7* = ¿.f7

.   my
sm~2~

.   7
Sin2   J

sin 7 d7

equation (35) may be written

(36) |/(0,*)- Tn (0,<p)\ <(l + £=)w(^),

and making 7 = 2n and using the inequality u cos u < sin u ( 0 < u < ~ I,

we have

(37)

1    r2 sin4 mucos«
lm — — "0   I =—5-du ,

m2 J0 sin3«

m Jo

4  T2 n sin4 m« cos u
du <

m

r2 sin4 mu

X     sin2 u
du.

Considering first the integral Im, we integrate by parts and obtain

m'
1 T2  • a rf   1    \ 1  . „ tot  ,  „     r2sin3mucosmn ,

m"%X   SmmwdVsm^J=-2SinX+2mJ0 sin2«   " du

-j-2m I    sin3 mu cos m« • d cot «

1)»»— 1 r*
—7-h 2m2 I    (3 sin2 mu cos2 mu — sin4 mu ) cot n dn;
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as 3 sin2 mu cos2 mu — sin4 mu = § ( cos 2 mu — cos 4m« ), this gives

(-1)»-. 1
-Im —

where

19

4m2
I   Jm»

jm =   I    cot u ( cos 2 m« — cos 4m« ) du.
Jo

Consider the difference jm — jm-i", the identities

cot u [ cos 2m« — cos 4mn — ( cos 2(m— 1) u — cos4(m— 1 ) m ) ]

= cot u [ — 2 sin u sin (2m — 1 ) u + 2 sin 2u sin (4m — 2 ) u]

= — 2 cos u sin ( 2m — 1 ) u + 4 cos2 « sin ( 4m — 2 )u

— — 2 cos w sin ( 2m — l)w + 2(l + cos 2u ) sin ( 4m — 2 ) «

= — sin 2mw — sin ( 2m — 2 ) u + 2 sin ( 4m — 2 ) u + sin 4mw

+ sin ( 4m — 4 ) u
give, upon integration between the limits 0 and 7r / 2,

;m-im-i = ¿[(-i)»-i] + ^2[(-i)»-1-i] + ¿rí,

where, for m = 1, the second term on the right side should be replaced by

zero.    On account of jo = 0, we conclude that

» r i i 2     1

(-l)--l,       2_ ^[(-lr-l 2     1

-l^fbL " "^-lj-2m 2m

the result being also true for m = 1, if the sum on the right side is replaced

by zero.    It is now seen that

i38w       yV(-l)--l ■      2    \     (-1)"-1 2 (-l)--l
(88)i*    £A " +2i--lJ+       2m       +2m-l+       4m2       '
and

(-1)"-1      (-l)m-l_(-l)m+1       _2_(-!)»+!

im+1     im 2m 4m2 2(m+l)"t"2m+l      4(m+l)2

or, when the cases m odd and m even are separated,

m odd,

•»m+l — -fm _

2m2(2m+ 1) '

_1_
I2(m+ l)2(2m+ 1)'

m even,
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so that in both cases

(39) Im+i> Im.

For m = 2, (38) gives the value 2 / 3, whence by (39)

(40) in5f = 0.6667 -    for   m ̂  2.

To form an idea of the approximation furnished by (40), we observe that by

equations (39) and (38),

,.    r        ,•    *^Y(- I)*-* ,      2     \
Im < hm < hm hm = hm 2- I-h ¡r-í I

m=00 m=a¡   v=l   \ V ¿V —   -l /

(2m—1         o                  m          o         \                       im—\           Q

H ö-T "~ 22 ö-7 ) = lim   £  s-T
ÍX 2i» — 1     ¿ri 2p - 1 y     m=0o y^+i 2v - 1

„ 1      y 1 pdx

m=8 2m — 1 „=i 1 » Jj   x

2 "*" 2m - 1

= log 2 = 0.6931 + .

Passing to the last integral in (37), we have

4 T2sin4m«,        2 f., n        /sinrnttV,
-~ I    —r-i— du = — I    ( 1 — cos 2m« ) I —s- 1 du.
m J0    sin2 u mX \ sin u )

Writing 7 = 2« in (32) and squaring, we obtain

'oír,  rnv\2 m-l m-l +(»-1)

" Ue-«»-«»'!!:^*^     £    c'ke2^;
Sln U     ' Fi=0 vi=0 A=-(m-I)

changing u and X into — u and — X, we find c* = clA, so that

e
(!sin m«\2       ,        IS-,1  ,
r^u~) =co + 2giCAcos2Xn,

whence

4  fî sin4 raw,        2   rf,, / ,        fc1 , \
ml   ^^rdu = mj0   (l-cos2m«)^0 + 2Zc.cos2XnjdM

_ 2_ .w ,

~m'2C°-

From (32) it is seen immediately that c0 is the constant term in the expansion of

3.-(«-i) /l^^V = ^-(„-d (i _ 2x» + x2») ¿ (y + 1 ) x',
\ -1     x / v=0

or c0 = m, so that we obtain from (37)

(41) I'm <  IT.
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Equations (40) and (41) now give

T Sir
l + y*<l + ^-<6   for   m ^2;

that is, on account of (31), for n 5 2, and from (36) we derive the desired

result

(42) |/(0,*>)- Tn(0,<p) |<6toQ)     (n-2,3,4, ..•).

Before leaving this subject, we shall evaluate the integral

(43) Jm = Ltf*(*±mXdu
m3 J0   \ sin u )

occurring in Jackson's investigation of the approximation to a function / ( a; )

of period 27r and satisfying a Lipschitz condition

f (x2) -f (Xi)\^\\x2- Xi\

by finite trigonometric sums.    By an asymptotic process, Jackson* shows

that

(44) Jm> Jm+i,       limJm = -r.

Writing 7 = 2tí , we obtain at once from (33)

m —   >■*
£o    jr_

m3' 2

By (32) and (33), c0 is obviously the constant term in the expansion of

x-Vm-ii ( ~^J - ar**"» ( 1 - 4x» + 6a^» - 4a:3"* + a;4m )

A(r+l)(> + 2)(>+3)   ,

¿o 1-2-3 X'

so that, the terms in the infinite series with i» = 2 ( m — 1) and v = m — 2

being the only ones contributing to Co,

(2m- 1) -2m(2m+ 1) (m - 1) -m(m+ 1)     m,0    •
Co=-r^i-4-ÍT2T3-3(2m + lh

and consequently

(45) ^-f(1 + »)'

From this expression, the two properties (44) follow at once.

* In the paper previously quoted as III, pp. 503-507.
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§ 4. The degree of convergence of Laplace's series for functions satisfying a

generalized Lipschitz condition.

Theorem II.    When f (0, <p) satisfies the generalized Lipschitz condition

(28) |/(0', <p')-f(0,<p) | S <o (7)

for any two points 0, <p and 0', <p' on the sphere S, the func ion u ( y ) being

subject to the conditions

(29) u(y) ^<a(y'),   ^-^ ^'iL^f-) for 0<7^7'<'»-, limo)(7) = 0,
7 7 y=0

then f (0, <p) is approximated by the first n + 1 terms of its Laplace series in

such a way that the remainder

Tn{f(0,  V))  =f(0,  <P)-Sn{f(0,  <p)\=f(0,  <p) - ¿J[/ (0',  *')*„(COS 7 ) ¿O"'

satisfies the inequality

\rn{f(0, <p))\ ÚK'w(JAVn        («=1,2, 3, •••),

K! being a constant independent of n.

The principle of the following proof is due to Lebesgue, in the case of

Fourier's series.*   From the identity

f(0,<p)= Tn(0,<p) + [f(0,<p)- Tn(0,<p)\

and the definition of the remainder r„, it follows that

rn{f(0, <P)} = rB{ Tn(0,<p)} + rn{f(0,<p)- Tn(0,<p)\;

the Laplace series of Tn (0, <p) being obviously this function itself, it is seen

that
r„{ Tn(0,<p)\ =0.

The definition of r„ then gives

|r„ {/(0, <p) | = |r. {/(0, <p) - Tn(0, cp) } | ^ |/(0, <p) - Tn(0, <p) |

+ ¿jT|/(0', *')- Tn(0', *')||»»(cos7)|d(r',

and if we apply theorem I,

¡r„{/(0,<p)}| ú Ku(±)+ ^(~)- ¿ (|*» (cos 7) | da'

-Jf«(^(l + p.),

* H. Lebesgue, Sur la représentation trigonométrique des fonctions, etc., Bulletin de la

Société Mathématique de France, vol. 38 (1910), pp. 184-210; pp. 196-197;
Sur les intégrales singulières, Annales de la Faculté des Sciences de Tou-

louse, ser. 3, vol. 1 (1910), pp. 25-117; pp. 116-117.    Compare also Jackson, I, II, III.
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by the definition of p„ at the beginning of § 2.   On account of (27), there

exists a constant c independent of n and such that

Pn ^ cVn (n = l, 2, 3, •••).

The preceding inequality now shows that

|r„{/(0, <p)}\^K(l+cV^)w(^j ÏK(l + c)a>(±}vn = K'w(^)Vn,

which proves our theorem.

It follows, in particular, from theorem II that whenever

limtof— ) Vn = 0,
»=-    \ n /

the Laplace series corresponding tof (0, ip) is convergent and equal to this function

at every point of the sphere S.

In the particular case of the Legendre series corresponding to a function

f (x) =/(cos0) satisfying the condition (5), which is analogous to (28),

Jackson * has shown that for any positive e there exists a constant K' ( t )

independent of n (but depending, of course, on e ) such that

\rn{f(x) } | < K'(e)u>C^\\ogn     (n = 2, 3, 4, •••),

uniformly in the interval

- l + «¿*á 1-e.

This result cannot be extended to the limiting case t = 0; on the contrary,

we have the following theorem, which may be considered as the reciprocal of

theorem II:

Theorem III.    Let w ( y ) be a function subject to the conditions

(29)    u(y)^u(y'),   ^hl.-^^O for o <7^7'<7r;limw(7) = 0,
7 7 >=o

aTid ß ( 7 ) any other function such that

(46) lim^4-^ = 0;
r=ow(7)

there exists a function f (0, <p) satisfying the generalized Lipschitz condition

(28) \f(e',<p')-f(9,<p)\^o}(y)

for any two points 0, tp and 0', <p' on the sphere S, OTid such that, at a given point

* Paper referred to as I, theorem (1).
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0o, <po, the remainder in its Laplace series satisfies the inequality

|r„{/(0o,^o)}| ^K"Çl(^)\/n

for an infinity of values of n, the constant K" being independent of n.

To prove this theorem, we shall construct a special function/ (0, <p) having

the required properties,* choosing the given point at 0O = 0, <po = 0, and

making / (0, ¡p) = F (0) independent of <p, so that our Laplace series will

reduce to a Legendre series. Our function P(0) will be built up from

elements of the form F„ (0), this latter function being defined by

(47)    P„(0) = sin((n+1)0-^)     for    ^
n+ 1 4 -   -  n+1    4 '

= 0 outside of this interval,

p and n being positive integers (or zero) to be determined later. Fn (0) is

continuous, as it vanishes at the end points of the interval above, which we

may denote by (p, n).

By (47), we have Fn (0) = 0 for 0 = 0, so that, developing P„ (0) in a

Laplace series, we find

r„{P„(0) } = -*„{P„(0)} = -¿JVn(0')í„(cos7)do-',

or, introducing da' = sin 0' dB' d<p' and using the well-known formula

Xi«P„ (cos 7) dip' = 2ir P„ (cos 0) P„ (cos 0'),

making 0 = 0, so that P„ ( cos 0 ) = 1, and finally writing 0 instead of 0',

r»{Pn(0)}-iJ*Pn(0)i„(cos0)sin0d0.

Since Fn (0) is identically equal to zero in part of the interval of integration,

we may write

r„{P„(0)} = -\f"     iFn(0)sn(cos0)sm0dß;

ñ+l T

or introducing the value Fn (0) = sin l(n + l)0 — -7-1 in the interval in

question, and using (15),

* In principle, the method of proof is due to Lebesgue, who applied it to Fourier's series;
see papers by Lebesgue and Jackson previously quoted.
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0r(|)r(n+2)
rn{Fn(0)]=-

(48)
4u+l ir

/n+1   *

1     w

n+1  4

sin2((ra+l)0-^

X

0   .  24r,(n,0)

(2sin0)*       COS 2 "^   2n+3

sin ((n+l)0-f)

9
2sin-2-(2sin0)1

d0.

71
Now assume /* ^ -~- ; we then have, in the interval of integration in (48)

(49)

so that

0        1 .2 .02
cost: > —= ,       0>sin0>—0,       2sin-v>—0,

¿       y 2 7r ¿ir

r^isin2((n+l)0-^)       e          j    ^fsin2((n+l)0-^)

J,.    -(2aJn-0ri-COS2dÖ>2j1   ,       -vT
dd

n+1 4 n+1 4

! .     *^sin2((n+l)0-^)

2 „=i J^^-j » 1/0
de

n+1  4

(50)

4»+1

»+1
^sin2((n+l)0-^)

/4» +  1 7T

\ n + 1 4

d0

n+1   4

Vt 1        A        1

8   ' l/n+1 ¿í l/47+T

> — — - r
8   ' Vn + lJt V4u+1

Vir ,_1_
16    l/n+1

(•4(M+l) + l-3).

For the second part of the integral in (48) we obtain, using (49) and observ-

ing that |ij(n,0)| < 1,
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^'-2^(^0)^(^0-1)'

2n+3      2 sin ¿(2 sin 0)*

/n+l   4

1     *

d9

n+l 4

«M+lf

/n+l   4

1    w

24

51)

n+l 4

3tt*

1+2 Hi*)*

3t»    /••+» <d0

n+l 4

= ̂ gg_(i_?—V
•n+l\        l/4M+l/

and on combining (50) with (51), it is seen that

in2((n+l)0-j)___e     24n(n,0)SÍQ(^+1)e-í)

d0

4|i+l   IT

/n+l   4

1     w

n+l  4

(2sin0)*

0 , 24n(i

COS2 + ^n+3
2 sin g (2 sin 0)*

de

>
1

16 Vñ+I M(„+i,+i-,,-;*í(,-p¿n)

>Ci\t7+T

for n and |t sufficiently large, Ci, as well as c2, c3, • • • which will be intro-

duced below, signifying a certain positive constant, independent of n and p.

By (26) we have, for n sufficiently large,

2T(è)T(n+2) ,—-
-      r(n+#)      >c^n+l>

so that we finally obtain from (48)

(52)     \r„{Fn(0) ]\>c3Váu+5   for   n ^ n',    p £ p.',   2pún.

On account of (27) there exists a C4 such that

(53) p„ < CiVn + 1 (»-1, 2, )

We now select an infinite sequence of positive integers ni, n?, n3, • • • subject to

the conditions
ni ^ n',

(54)
uf—^ï<-^- 1 toi       *      \
u\ni+lJ     4c4* ̂ m-2+ 1   "Vni-i + l^'

Q(I)<      «=„(!)
\«.7     l/ni-i+l    \» /

(< = 3, 4, 5,
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The determination of such a sequence is possible, because after determining

ni, ni, ■ • •, n»_i, we may satisfy the last two inequalities (54) by making n,-

large enough, on account of lim^o w ( 7 ) = 0 and lim^o ß(7)/«(7) = 0.

To each n¿ we now associate a ju, by the condition

(55) <«+!<      1      .¡ta+i
n,; + 1      ni_i + 1 - ut + 1

then any two intervals (pi, «¿) and (pj, n,), in which, by (47), Fn{(0)

and Fnj (0) respectively are not identically zero, have no points in common.

Finally, we make a, equal to zero or unity, according as

exceeds

f J5ŒÏ. J-irr)4fl-\n,_i+l       \w.+ l/

or not.    Then the expression

(56) ^) = |¿^„7TiK^

has the properties required by theorem III.

Since for any given value of 0 not more than one of the terms in the series

(56) is different from zero (the intervals in which any two different functions

F m (0) are not identically zero, having no point in common), the series is

convergent. Furthermore, F ( 0 ) satisfies the condition (28). To prove this,

we first assume that 0 and 0' belong to the same interval (pi, n,); in this

interval we have

We now determine an integer X by the condition

n, + 1 - n¿ + 1

and denote by 0" that one of the two quantities

« ■    2*™- j        a  ,  2X + 2
0 H--jn       and       0 -\-jTt T

n,- + 1 nt + 1

which is nearer to 0'; then we have
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F(0') - F(0) = F (0') - F(0")

=M^),(n'+i)(*'~r)^(n<+m-ï)'

£ lying between 0' and 0", and consequently

(    *    \i   u v —i^T /| F(9') - F (9) | < 5 •    Vn,i"   7 19" - 0' |
¿ 7T

n, + l

_i "(nT+i)    ir'-r|      ,,fl„   rh.
"2 7T M(ly-9'|),M(|(I   ~e !)'

n, + l

or, on account of (57) and the fact that w ( y ) / y does not increase with y,

(58) |^(0')-P(0)|<|to(|0"-0'|) ^§to(|0'-0|).

Next suppose that 0 belongs to the interval ( ju,-, n, ) and 9' to the interval

( Pi > ny ), and let 0,- be the end point of ( pa, n,- ) nearest to 0', and 0/ the end

point of (p), nj) nearest to 0,; then, since F (0.) = F (0,) = 0, we have

\F(0') -F(0)\ = \F(9') - F(9j) + F(9j) - F(0.) + F(0>) - F(0) \

^ \F (0') - F (0j)\ + \F (0i) - F (0)\.

Applying (58) and considering that 0(7) does not decrease as 7 increases, we

find

\F(O')-F(Oj)\<îw(\0'-0j\) ^|to(|0'-0|),

\F(Oi)-F(0)\<ïu>(\0i-0\) ^èto(|0'-0|),

so that finally, for any values of 0 and 0' in the interval ( 0, 7r )

|F(0')-F(0)|<to(|0'-0|).

Now 10' — 01 ^ 7, since 10' — 01 is one of the sides in the right-angled
spherical triangle of which 7 is the hypothenuse, and consequently

\F(0')-F(0)\<u(y).

We now complete the proof by showing that

\rnt{F(0)}\ ^K"Sl(^)l/ni        (¿ = 1,2,3, •••).

On account of (52) and (55), we have

M¿-(5Íl)*C>}|>e>£ft.(5Íí)-
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so that in case «,• = 1 we have, in view of the definition of «,-,

'AtÀ"'"(^i)F--w}\i\r4^A^+-i)F-m\\
-HU'><á*>^H^Aí+-y

I    -{j^zw-    \n,-f-i/    '       J|     Z7r^ni_i-fi    \

£?_   /"<+l     /    r    \_?L   /ra»+l     /      ít      \
4tt \ni_i + 1w Ui + 1 /     4tt Vn^i + 1u \m+i + 1 )

In case », = 0, the definition of Di givescase »< = u, wie aennruon oí Vi ¡

so that we always have

>
fl    i n. + 1     /    tt     \
4tt >ni_i+ lW\n¿+ 1/'

(59)

. wc always nave

'4U'A^)wAH&Aïïî\
fñfíl and (HQ\ it fr.llr,wo tbotFrom (56) and (59) it follows that

rn({p(0)}|^¡rB<{t¿,,co(^)p,(0)}|

(60)

and s nee

=2*"(¿¿r+i),^l"»(^T-i)F-w   -.„.. -,
for all values of 0, it follows from the definition of p„ and the inequality (53)

that

WJk¿*-(%Tí)'%<#>H
<61)       ̂ h°{^^}èf^^^^'ha{^^)-^

2w    Vni+i+1/

Making 0 = 0, we conclude from (60), (59) and (61) that

i^«'<°>»>e-JS-(sTi)-e-(5STi)^n-



30 T. h. gronwall:  laplace's SERIES.

The second inequality in (54) shows that the right-hand expression is greater

than

ü?.
8tt

since
1

| n,- + 1     /_jr_\.    c3     lm+1      n\
>lni_1+ 1WU,+ l) = 8t Ain^x + Ia \m) '

>
n,- + 1 — n,-'

and from the last inequality in (54) we finally obtain

'»i i^NHi)^4"1 (<=i'2'3'-)
which completes the proof of our theorem.

In the case of the Legendre series, Jackson has shown (1. c, I, theorem III)

that there exists a K" independent of n and a function / ( x ) = / ( cos 0 )

satisfying (5) such that

|r„{7(0)}|>tf"to(i)logn

for an infinity of values of n. Apart from the introduction of Vn instead of

log n necessitated by the asymptotic expression for pB, our theorem III differs

from Jackson's result in two respects : first, by the introduction of the function

ß (7) converging toward zero with y more strongly than u (y), and second,

by the fact that while the two conditions

|/ (cos 0') - / (cos 0) | ^ w ( | cos 0' — cos 0 | ) (Jackson),

| / ( cos 9' ) — / ( cos 0)| ^ w ( | 0' — 0 | ) (present paper)

are essentially equivalent in the interior of 0 < 0 < it , this is no longer the case

in the vicinity of 0 = 0, since

..     cos 9' — cos 0
hm ~~~v-a-= °-

Í, »'=0 "   — "

Chicago, III.,

February 10, 1913.


